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Molecular magnets are effective few-level spin systems that allow for the observation of coherent dynamics.
Electronic coherence is mainly limited by hyperfine interactions with nuclear spins. Here, we theoretically
investigate the resulting inhomogeneous broadening and electron-nuclear entanglement: They take place on the
nanosecond and microsecond time scales, respectively. Our microscopic description allows us to clarify the
role played by the different chemical elements. The effect of spin echo and the dependence of decoherence on
the magnetic field are also estimated.
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I. INTRODUCTION

In an open system �S�, linear superpositions between
quantum states are made fragile by the possible entangle-
ment between S and the environment �E�. Such phenomenon,
known as decoherence, is believed to lie at the heart of the
quantum-classical transition and of the measurement
problem.1–3 Decoherence also represents a key issue from a
technological point of view. In fact, the extra potentialities of
quantum-information devices with respect to classical ones
rely also on a massive exploitation of linear superpositions
and of the resulting quantum interference.4 In both the fun-
damental and technological perspectives, the localized elec-
tron interacting with a spin bath plays a special role: On the
one hand, it represents a paradigmatic case of non-
Markovian decoherence;5 on the other hand, it is one of the
most investigated systems in view of a solid-state implemen-
tation of quantum-information processing.6–8

Since a decade ago, great attention is devoted to electron
spins localized in low-dimensional semiconductor hetero-
structures. Molecular antiferromagnets were recently recog-
nized as alternative implementations of effective few-level
spin systems, where coherent dynamics and perform quan-
tum gates can be observed.9,10 Relevant to this aim is that
both the electronic properties and the nuclear environment
can be selectively modified by means of chemical
synthesis.11 Besides, the development of extremely sensitive
magnetometers12 and of novel procedures for grafting mol-
ecules on selected portions of patterned surfaces13,14 paves
the way to the manipulation and detection of individual na-
nomagnets.

The present paper is specifically concerned with the ef-
fects of hyperfine interactions on the electronic coherence of
a heterometallic antiferromagnetic ring, namely, Cr7Ni.11

These molecules possess a number of appealing features for
the encoding and manipulation of quantum information,15,16

and are being widely investigated by different experimental
techniques.35 In the parent molecule Cr8, electron-nuclear
coupling was exploited as a means for locally probing the
spin-moment distribution.17 As to the dynamical properties,
the electron-spin decoherence time was recently measured in
spin-echo experiments.18 In molecular arrays or crystals, a

major contribution to decoherence arises from intermolecular
dipole-dipole interactions between electron spins.19 While
these can be possibly reduced by dilution, spin coherence is
ultimately limited by hyperfine interactions: These represent
an intrinsic source of decoherence, which is still effective at
the single-molecule level.

The paper is organized as follows: In Sec. II, we introduce
the expressions that we use to quantify decoherence; in Sec.
III, we define the effective Hamiltonian that accounts for the
relevant dynamics of the nuclear spins; in Secs. IV and V, we
show the effects of inhomogeneous broadening and nuclear
flip-flop transitions, respectively; in Sec. VI, we discuss the
effect of spin echo; in Sec. VII, we finally draw the conclu-
sions.

II. DECOHERENCE

The energy spectrum of Cr7Ni is characterized by the
presence of a well resolved ground-state doublet �S=1 /2,
with S as the total electronic spin of the molecule�, separated
from the higher levels by a gap ��13 K. Therefore, under
the proper experimental and manipulation conditions, the
molecule can be regarded as an effective two-level system,
with the relevant subspace spanned by the states �⇑ ���S
=1 /2,M =1 /2� and �⇓ ���S=1 /2,M =−1 /2� �with M as the
total spin projection in the z direction, orthogonal to the mol-
ecule plane�.15 There, the molecule state is defined by the
reduced density matrix �S= �c⇓�2�⇓ ��⇓�+ �c⇑�2�⇑ ��⇑�
+c⇓

*c⇑r�t��⇑ ��⇓�+c⇑
*c⇓r*�t��⇓ ��⇑�, obtained by tracing over

the environment �i.e., nuclear-bath� degrees of freedom: �S
=TrE��SE�. The key quantity to our present purposes is rep-
resented by the so-called decoherence factor r�t�, which
quantifies the degree of purity of the molecule state. We as-
sume �SE to be initially factorized, and the system to be
initialized in a pure state: �SE�0�= ��S���S� � �E�0�, where
��S�=c⇓�⇓ �+c⇑�⇑ � and �E�0�=	�=1

NE p��I���I��. Here, the NE
nuclear-spin configurations �I��
 � p=1

Nn �Ip
z ���� span the Hil-

bert space corresponding to the Nn=152 magnetic nuclei,
with Ip= IH, IF , ICr �Fig. 1�. In the pure-dephasing limit, the
interaction between electronic and nuclear spins does not
modify �c⇑� and �c⇓�, thus leaving unaffected the diagonal
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terms in �S. The state of the electronic spin, however, does
affect the dynamics of the nuclei,

��� � �I�� → ��� � �I�
��t��� � = ⇑ , ⇓ � .

This results in a system-environment entanglement, quanti-
fied by r��t�= �I�

⇓�t� �I�
⇑�t��, and therefore results in a loss of

the electronic coherence even in the case where the nuclei
are initialized in a specific configuration �I��. In the general
case, �E�0� corresponds to a �proper or improper� mixture of
different states. Therefore, r�t�=	�=1

NE p�r��t� decays also in
the absence of nuclear-spin flips ���I�

��t� �I���=1, with �
= ⇑ ,⇓�. In fact, different nuclear states �I�� result in different
values of the Overhauser field and, therefore, in different
phases arg�r��t��. As discussed in the following, these two
effects are characterized by different time scales and can be,
to a large extent, discussed separately.

III. EFFECTIVE SPIN HAMILTONIAN

Starting from a microscopic description of the molecule
and its environment, we model the overall system in terms of
an electron-nuclear spin Hamiltonian H. In a first step, the
Hamiltonian He involving only the electron-spin degrees of
freedom is diagonalized to derive the eigenstates �⇑� and
�⇓�.15 He accounts for the Heisenberg and the dipole-dipole
interactions between the Ne=8 magnetic ions sp �sCr=3 /2,
sNi=1�, as well as for their coupling to local crystal field and
external magnetic field B. The eigenstates of He typically

present a high degree of correlation between the individual
ion states, resulting from the mixing of different configura-
tions: ���=	�c�

��S��, with �S��
 � p=1
Ne �sp

z ���� and �= ⇑ ,⇓.
These eigenstates determine the effective coupling constants
between electron and nuclear spins, within the subspace cor-
responding to the ground-state doublet �see below�.

The nuclear part, which includes both the Zeeman and the
dipole-dipole interaction terms, reads Hn=Hn

Z+Hnn
dip

=	p=1
Nn �p

nIp
z +	p�qhnn

dip�Ip ,Iq�. Finally, the electron-nuclear hy-
perfine interactions include both the Fermi-contact and the
dipole-dipole contributions:

Hen = Hen
dip + Hen

c = 	p=1

Ne 	q=1

Nn hen
dip�sp,Iq�

+ 	p=1

Nn �ap/2�Ip · �S,

where ap=−	p
nBp

hyp and �x,y,z
S are the Pauli matrices in the

��⇑�,�⇓�� basis. The estimate of the hyperfine field Bp
hyp re-

quires the knowledge of the electron-spin density corre-
sponding to the molecule ground state. This is provided by
ab initio density functional calculations.20 The major contri-
bution to Bp

hyp arises from the contact term given by the Breit
formula for scalar-relativistic electrons,21 and is proportional
to the spin density averaged within a sphere of Thomson
radius around the nucleus. In 3d magnetic atoms, s valence
and core orbitals hybridize differently with the spin-
polarized d states. In fact, their respective contributions to
the contact field are oriented parallel and antiparallel to the
spin moment. Since core polarization is more effective near
the nucleus than the valence one, in the absence of trans-
ferred valence hyperfine field from neighboring magnetic at-
oms, the total hyperfine field is negative �i.e., opposite to the
electronic spin moment�.22 Orbital and dipolar intra-atomic
terms are generally small for a nearly tetragonal coordination
and can be safely neglected. In our calculations, the contact
field amounts to approximately −25 and −18 T for the Cr3+

and Ni2+ ions, respectively.
The natural basis for expressing the dipolar interaction

Hen
dip is that of the electron-spin configurations �sp

z ����. How-
ever, the relevant states to our present purposes are �⇑� and
�⇓�. Therefore, we express the single-spin operators in terms
of the molecule eigenstates and project them onto the
ground-state doublet subspace,

sp
z → P1/2sp

zP1/2 = �⇑ �sp
z � ⇑ ��z

S,

sp

 → P1/2sp


P1/2 = �⇑ �sp
+� ⇓ ��


S ,

where �−
S= �⇓ ��⇑�, �+

S= �⇑ ��⇓�, and P1/2= �⇑ ��⇑�+ �⇓ ��⇓�. Af-
ter the above substitutions, the expression of Hen

dip becomes
formally similar to that of a single 1 /2 electron spin: Hen

dip

=	p=1
Nn 	�,�=
,zDp

����
SIp

�, where the composite character of the
electronic spin is enclosed in the expectation values of the
individual spins sp. The coupling to the magnetic field is
accounted by the effective Zeeman term, He= � /2��z

S. For
further details on the above derivation, the reader is referred
to Appendix A.

FIG. 1. �Color online� Molecular structure of the Cr7Ni mol-
ecule �Ref. 11�. The magnetic ions, Cr �orange� and Ni �cyan�, form
a quasiplanar octahedron. The molecule also includes: 8 F �blue�,
32 O �green�, 80 C �pink�, and 144 H atoms �white�. Unless differ-
ently specified, only H and F are taken to possess a finite nuclear
spin �IH= IF=1 /2�. Below, we also consider the 53Cr isotope �ICr

=3 /2, with natural abundance if 9.5%�.
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For strong enough magnetic fields ��Dp
�� ,ap�, real

transitions between �⇑� and �⇓� are forbidden by energy con-
servation. Virtual electronic transitions are, however, effec-
tive and contribute to the nuclear flip-flop processes that are
responsible for the nuclear dynamics.23,24 This warrants the
elimination in the lowest order of the terms that are off-
diagonal in S by means of a suitable canonical transforma-
tion, H�=eSHe−S, where S=	p=1

Nn Sp and

Sp =
ap + Dp

+−

 − �p
�+

SIp
− +

Dp
++

 + �p
�+

SIp
+ +

Dp
+z


�+

SIp
z − H.c.

The expressions of the coefficients Dp

� ��= 
 ,z� are given

in Appendix A. In H�, we keep only the terms up to first
order in 1 / and the off-diagonal nuclear ones that conserve
the z component of the total spin. As a result, the nuclear
dynamics is induced by extrinsic transitions �e� that involve
virtual transitions between the eigenstates of He and intrinsic
ones �i�, which are independent of the electron-spin state:
H�= �r /2��z

S+Hn
�i�+�z

S
� Hn

�e�,25,26 where

Hn
��� = 	

p=1

Nn

�p
���Ip

z + 	
p�q

Ap,q
���Ip

+Iq
− + 	

p�q

Bp,q
���Ip

z Iq
z , �1�

with �= i ,e �for the expressions of the coefficients that enter
the above Hamiltonian, see Appendix B�. The electron and
nuclear Zeeman splittings, r and �p

�i�, are renormalized by
the mutual interaction. In Hn

�e�, the first term corresponds to
an Ising coupling between electron and nuclear spins. The
second and third ones account for the nuclear flip-flop pro-
cesses and Ising interaction, respectively; both are mediated
by a virtual transition of the electronic spin. Accordingly, the
coefficients Ap,q

�e� and Bp,q
�e� are inversely proportional to the

electronic Zeeman splitting . No such dependence is
present in Hn

�i�, which includes terms from Hn.
The nuclear dynamics is finally computed within the pair-

correlation approximation, after Ref. 26. This allows us to
map the original interacting-spin problem onto one of non-
interacting pseudospins, at the expense of neglecting corre-
lations between different flip-flop transitions �see Appendix
C�. Such approximation is justified roughly for times smaller
than the characteristic time scales of the flip-flop process,
i.e., t�1 /Amax

�i,e� �see Table I�.

IV. INHOMOGENEOUS BROADENING

In free-induction decay experiments performed on mo-
lecular ensembles, the progressive dephasing of the different

spins results in the decay of the average transverse magneti-
zation, ��x,y

S �� �r�t��. Besides dispersion in the molecule pa-
rameters �e.g., the g factor�, such inhomogeneous broadening
is due to local fluctuations in the Overhauser field �i.e., to the
different quantum states of the nuclear environment felt by
each replica of S�. This is theoretically accounted by a mixed
�E. In Fig. 2, we show the time evolution of the decoherence
factor: Each black curve refers to an initial density operator
�E�0�=	i=1

n p�i
�I�i

��I�i
� �with p�i

=1 /n and n=100�, with ran-
domly generated values of �i.

27 If all the Cr atoms have
spinless nuclei �panel �a��, a smooth, approximately Gauss-
ian decay of �r�t�� takes place within 102 ns, with no critical
dependence on the initial state of the nuclear spins. The fact
that dispersion in the Overhauser field is entirely responsible
for decoherence on this time scale is confirmed by the com-
parison with the case where the electron-nuclear Ising cou-
plings in H� are omitted ��p

�e�=0, straight blue line�, where
no appreciable decay takes place. The substitution of a spin-
less Cr with a 53Cr isotope �ICr=3 /2� introduces a larger
energy scale in the nuclear dynamics, corresponding to the
contact hyperfine interaction at the corresponding site �see
Table I�. A major difference with respect to the previous case
is marked by the occurrence of rapid oscillations �panel �b��.
These essentially result from the two specific contributions,
which are separately shown in the figure inset. Their charac-
teristic frequencies are clearly determined by �ICr

z �, whereas

TABLE I. Maximum values �in neV� of the nuclear-nuclear interaction terms in Hn
�i,e� and the relative

chemical elements. The values refer to a molecule with or without a Cr isotope, with B=1 T.

I Amax
�i� Bmax

�i� Amax
�e� Bmax

�e� �max
�e�

0 0.0122 0.0489 0.0183 0.0249 10.8

�H-H� �H-H� �F-F� �F-F� �F�

3 /2 0.0122 0.0489 0.0353 6.13 236

�H-H� �H-H� �Cr-Cr� �Cr-Cr� �Cr�

FIG. 2. �Color online� Time evolution, in modulus, of the deco-
herence factor r. Each solid black line corresponds to an average
over 102, randomly generated, initial states of the nuclear bath. The
red curves represent the average over the black ones. �a� All the Cr
ions in the molecule have spinless nuclei. �b� The Cr ion opposite to
Ni in the octahedron �see Fig. 1� has spin I=3 /2. Same set of initial
conditions and same magnetic field B=1 T, as in �a�. Inset: Initial
states corresponding to ICr

z = 
3 /2 �green� and ICr
z = 
1 /2 �red� are

considered separately.

DECOHERENCE INDUCED BY HYPERFINE INTERACTIONS… PHYSICAL REVIEW B 77, 054428 �2008�

054428-3



no sensible dependence on the initial state of the remaining
nuclei shows up. Also, in this case, the time evolution of r is
driven by the electron-nuclear Ising terms in H�: In fact, for
�p

�e�=0 the decay of the decoherence factor is frozen �straight
blue line, panel �b��. Therefore, the overall density matrix on
these time scales is approximately given by

�SE�t� = 	
�

p��I���I�� � ��S
��t����S

��t�� ,

with ��S
��t��= �ei��t�⇑ �+e−i��t�⇓ �� /2 and ��

=	p=1
Nn �p

�e�Ip
z ���+	p�qBp,q

�e� Ip
z ���Iq

z���. As a consequence, the
decoherence factor is r�t��	�p�e2i��t. According to the
above expression, no electron-nuclear entanglement takes
place on the nanosecond time scale. We incidentally note that
this is in general not the case if the nuclei are initialized in a
pure state, consisting of a linear superposition of different
configurations.28 For example, if ��E�0��=	�p�

1/2�I��, then
r�t��	�,��p�p��1/2ei���+���t and ���S � �E.

V. ELECTRON-NUCLEAR ENTANGLEMENT

The degree of purity of the molecule state is limited by
the entangling of S and E, even in the absence of dispersion
in the Overhauser field. In fact, for an initial density matrix
��0�= ��S���S� � �I���I��, the phase coherence between the
states �⇑� and �⇓� is reduced by the nuclear flip-flop transi-
tions, which results in a diverging evolution of the states
�I�

⇑�t�� and �I�
⇓�t��. In order to factor out such contribution in

the more general case of a mixed nuclear state, we consider
��r��t���=	�p��r��: With a slight abuse of language, we refer
to this expression as “average electron-nuclear entangle-
ment,” where the average is performed over the nuclear-spin
configurations.29 The above average does not in general cor-
respond to any observable quantity, apart from the spin echo
time, where the effect of inhomogeneous broadening is can-
celed out, and ��r��t��� coincides with the decoherence factor.
As shown in Fig. 3, the characteristic time scale of the time
decay is now tens of microseconds �panel �a�, black curve�.

In order to gain a deeper insight into the underlying dy-
namics, we isolate the role played by the different chemical

elements. This analysis also has a practical relevance, since
selective substitutions in Cr7Ni have already been
demonstrated.18 Unlike inhomogeneous broadening, the ef-
fectiveness of electron-nuclear entanglement is only moder-
ately affected by the introduction of a Cr isotope �green line�.
The substitution of the F nuclei with spinless ones and that of
the H with 2H �red and blue lines, respectively� result instead
in a relevant increase, on average, of �r��t��. In panel �b�, we
compare the evolution of ��r��t��� obtained with the full ef-
fective Hamiltonian �black curve, same as in panel �a��, with
those obtained after turning off different terms in H�. The
most striking changes correspond to the cases of the intrinsic
off-diagonal terms �Ap,q

�i� =0, red� and the extrinsic diagonal
ones ��p

�e�=0, blue�. While in the former case the average
electron-nuclear entanglement is practically suppressed, in
the former it is strongly increased with respect to the values
obtained with the full Hamiltonian H�. The dependence of
��r��t��� on the �p

�e� can be possibly explained as follows:
These corrections to the nuclear Zeeman frequencies, being
in general different from nucleus to nucleus, tend to put out
of resonance flip-flop transitions between otherwise identical
elements, thus slowing down the nuclear dynamics. The de-
pendence of ��r��t��� on the other intrinsic and extrinsic terms
in H� �green, orange, and purple curves� is less remarkable.
In a technological perspective, this suggests that the effec-
tiveness of the magnetic field as a means to further suppress
decoherence is saturated at high magnetic fields. In fact, the
extrinsic couplings Ap,q

�e� and Bp,q
�e� , which scale like −1, can

be suppressed by increasing the field ��B�; however, this
does not seem to affect drastically electron-nuclear entangle-
ment. On the other hand, the intrinsic terms Ap,q

�i� , which are
mainly responsible for this effect, are independent of the
field. Further results on the magnetic-field dependence of the
electron-spin decoherence are provided in the next section.

VI. SPIN ECHO

The electron coherence can be partially recovered by ap-
plying suitable spin-echo sequences.18,30–32 In the following,
we investigate the creation and decay of the molecule coher-
ence under the effect of an idealized Hahn-echo sequence,
� /2−�−�−�−echo. In particular, each pulse is assumed to
be instantaneous as compared with the nuclear time scales.
Besides, we neglect coherences eventually generated by the
� pulse between different nuclear states.33,34 More specifi-
cally, the first � /2 pulse is assumed to create an in-plane
polarization, initializing the molecule’s electron spin to
��S�= ��⇓ �+ �⇑ �� /2. The � pulse, instead, swaps �⇑� and �⇓�
at time t=�. Therefore, immediatly after the pulse �t=��,

��SE
� ��+�� = �x

S��SE
� ��−��

= �� ⇓ � � �I�
⇑��−�� + � ⇑ � � �I�

⇓��−���/2,

where �SE�t�=	�p���SE
� �t����SE

� �t��, and �+ ��−� is the time
immediately after �before� the pulse. In other words, for �
� t�2�, the evolution of the nuclear states �I�

��t�� is no
longer induced by H�, as for 0� t��, but rather by a Hamil-
tonian where Hn

�e� is replaced by −Hn
�e�. In Fig. 4, we show

FIG. 3. �Color online� �a� Time evolution of ��r��� as a function
of the chemical composition: no substitutions �black curve�; the
spinless Cr opposite to Ni is substituted by a I=3 /2 isotope �green�;
all the F nuclear spins are replaced by spinless atoms �red�, or the H
by 2H �blue�. �b� Time evolution of ��r��� obtained with the full
Hamiltonian H� �black curve�, and after turning off each of the
terms specified in the panel �colored curves�. All the curves are
averaged over the same set of n=100 initial nuclear states.
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the time dependence of ��r��t���, during the time interval
�0,2��, for different values of �. This shows the effect of the
� pulse on the average electron-nuclear entanglement. Be-
sides, ��r��t��� coincides with an observable quantity �it is
proportional to the transverse magnetization� for t=2�,
where the effect of inhomogeneous broadening is completely
reversed and �r�t�� is very close to ��r��2���� �see black curve
and figure inset�. For all the considered values of �, the �
pulse produces a partial disentanglement, denoted by the in-
crease of ��r��t��� for t��. This reaches a maximum at t
��2,31 and drops at later times �colored squares�. In fact,
for t=2�, the degree of electron-nuclear entanglement �not
the overall decoherence, which is also affected by inhomo-
geneous broadening� is higher than it would be in the ab-
sence of spin echo �gray curve�. The disentanglement is more
effective �i.e., the maximum of ��r��t��� is higher� for smaller
values of �. The occurrence of a maximum disentanglement
at a time earlier than the classical spin-echo time 2� results
from the interplay between invertible �e� and noninvertible
�i� contributions, with roughly the same magnitude �Table I�.
The dependence of the electronic polarization at t=2� is very
well approximated by an exponential decay e−�t, with 1 /�
=19.8 �s. However, we stress that the underlying dynamics
is not a Markovian one. We finally consider the effect of the
static magnetic field B �figure inset�. While a finite B reduces
the efficiency of relaxation processes, its increase within the
considered range of values does not lead to a further suppres-
sion of decoherence �see also Fig. 3 and related discussion�.

VII. CONCLUSIONS

In conclusion, we have theoretically investigated the ef-
fect of hyperfine interactions on the electronic coherence of a
single Cr7Ni molecule. Dispersion in the Overhauser field is
shown to act on a time scale of �10 ns and to be qualita-

tively affected by the possible presence of Cr isotopes. H and
F nuclei, instead, are mainly responsible for the average
electron-nuclear entanglement, with a rate of �0.1 �s−1.
Spin echo leads to a substantial cancellation of both effects,
but at different time delays. Finally, neither of the two deco-
hering mechanisms can be completely suppressed by large
magnetic fields.
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APPENDIX A: ELECTRON-NUCLEAR-SPIN
HAMILTONIAN

We model the single Cr7Ni molecule as a collection of
electron and nuclear spins. The positions of the latter are
derived by x-ray diffraction analyses. The Nn=152 magneti-
cally active nuclei correspond to the 144 H, with spin IH
=1 /2, and to the 8 F nuclei �IF=1 /2�. Where specified, we
also consider the presence of a Cr isotope, with spin ICr
=3 /2. The electron spins are accounted for by Ne=8 elec-
tronic multiplets, localized on top of the Cr and Ni ions
�sCr=3 /2, sNi=1�. The dominant direct coupling between
these nuclei is given by the dipole-dipole interaction: Hnn

dip

=	p=1
Nn 	q=1

p−1hnn
dip�Ip ,Iq�. In terms of the rising and lowering

operators, the dipolar terms read ��=1�

hnn
dip�Ip,Iq� =

	p
n	q

n

rpq
3 �Ip · Iq − 3�Ip · r̂pq��Iq · r̂pq��


 	
�,�=z,


Epq
��Ip

�Iq
�,

where rpq=rp−rq is the relative position of nuclei p and q,
and the coefficients Epq

�� are given by the following expres-
sions:

Epq
zz =

	p
N	q

N

rpq
3 �1 − 3 cos2 �pq� ,

Epq
−+ =

1

4

	p
N	 j

N

rpq
3 �3 cos2 �pq − 1� ,

Epq
+z = −

3

2

	p
N	q

N

rpq
3 sin �pq cos �pqe−i�pq,

Epq
++ = −

3

4

	i
N	q

N

rpq
3 sin2 �pqe−2i�pq.

Besides, Epq
−z = �Epq

+z�* and Epq
−−= �Epq

++�*. Here, rpq, �pq, and �pq

give the relative position of the particles in spherical coordi-
nates. An analogous expression apply to the electron-nuclear
dipole-dipole interaction �in the point-dipole approximation�:

FIG. 4. �Color online� Time evolution of ��r���, for 0� t�2�
and B=1 T, after the application of an instantaneous � pulse at
different times � �colored lines�. The black curve corresponds to
��r��t=2����, whereas the gray one gives ��r��t��� in the absence of
spin echo. Inset: r�t=2�� for different values of the static field B.
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Hen
dip=	p=1

Ne 	q=1
Nn hen

dip�Ip ,sq�. The dipole-dipole interactions be-
tween electron spins �Hee

dip� are already included in the effec-
tive spin Hamiltonian, which is diagonalized to obtain the
eigenstates �⇑� and �⇓�.16

We then rewrite the electron-nuclear dipole-dipole Hamil-
tonian Hen

dip in the basis of the electron-spin eigenstates, and
project it onto the ground-state doublet,

Hen
dip = P1/2	

p=1

Ne

	
q=1

Nn 	p
e	q

n

rpq
3 �sp · Iq − 3�sp · r̂pq��sq · r̂pq��P1/2


 	
q=1

Nn

	
�,�=z,


Dq
����

SIq
�,

where P1/2= �⇓ ��⇓�+ �⇑ ��⇑�, �−
S= �⇓ ��⇑�, �+

S= �⇑ ��⇓�, and
�z

S= �⇑ ��⇑�− �⇓ ��⇓�. The coefficients that enter the expres-
sion of the dipole-dipole couplings now include the matrix
elements of the localized electron spins in the basis ��⇑�, �⇓��,

Dq
zz = 2	

p=1

Ne 	p
e	q

N

rpq
3 �⇑ �sp

z � ⇑ ��1 − 3 cos2 �pq� ,

Dq
−+ =

1

2 	
p=1

Ne 	p
e	q

N

rpq
3 �⇓ �sp

−� ⇑ ��3 cos2 �pq − 1� ,

Dq
+z = −

3

2 	
p=1

Ne 	p
e	q

N

rpq
3 �⇑ �sp

+� ⇓ �sin �pq cos �pqe−i�pq,

Dq
++ = −

3

4 	
p=1

Ne 	p
e	q

N

rpq
3 �⇑ �sp

+� ⇓ �sin2 �pqe−2i�pq.

Finally, Dq
−z= �Dq

+z�* and Dq
−−= �Dq

++�*.

APPENDIX B: EFFECTIVE NUCLEAR HAMILTONIAN

In order to discuss the derivation of the effective nuclear
Hamiltonian H�, it is convenient to divide the spin Hamil-
tonian H=He+Hn+Hen into three parts: H0, which corre-
sponds to the only-electron terms and to the nuclear Zeeman
ones; H1, which inlcudes Hnn

dip and all the terms in Hen that
are diagonal in the basis ��⇑�, �⇓��; H2, which groups the
off-diagonal electron-nuclear terms in Hen,

H0 = He + Hn
Z,

H1 − Hnn
dip = 	

�=⇑,⇓
������Hen������

= �z
S	

p=1

Nn

��ap/2 + Dp
zz�Ip

z + Dp
+zIp

+ + Dp
−zIp

−� ,

H2 = Hen − 	
�=⇑,⇓

������Hen������

= �+
S

� 	
p=1

Nn

�Dp
+zIp

z + Dp
++Ip

+ + �ap + Dp
−+�Ip

−� + H.c.

The effective Hamiltonian H� results from the following ca-
nonical transformation:

H̄ = WHW−1 = eSHe−S � H + �S,H� +
1

2!
†S,�S,H�‡

= H0 + H1 + �S,H1 + H2� + †S,�S,H1 + H2� − H2‡/2

� H0 + H1 + ��S,H2�/2� ,

where S is such that �S ,H0�=−H2. Only the terms that com-
mute with �z

S and IT
z =	p=1

Nn Ip
z , and are up to second order in

Dq
��, are retained. The expression of S=	p=1

Nn Sp is given in
Sec. III.

The effective Hamiltonian finally reads

H� = �r/2��z
S + Hn

�i� + �z
S

� Hn
�e�.

The intrinsic and extrinsic effective nuclear Hamiltonians
read

Hn
��� = 	

p=1

Nn

�p
���Ip

z + 	
p�q

Ap,q
���Ip

+Iq
− + 	

p�q

Bp,q
���Ip

z Iq
z ,

with �= i ,e. The coefficients entering the expression of Hn
�i�

are given by

�p
�i� = �p +

1


��ap + Dp

−+�2 + Dp
++Dp

−−� ,

while Ap,q
�e� =Epq

+− and Bp,q
�e� =Epq

zz . The coefficients entering the
expression of Hn

�e� are given by

Ap,q
�e� =

1


��ap + Dp

−+��aq + Dq
+−� + Dp

++Dq
−− + c.c.� ,

Bp,q
�e� =

1


�Dp

+zDq
−z + Dp

−zDq
+z� ,

while �p
�e�=ap /2+Dp

zz. Finally, the interaction with the
nuclear spins renormalizes the electron Zeeman splitting,

r =  +
2


	
p=1

Nn

��ap + Dp
−+�2 + Dp

++Dp
−−� .

APPENDIX C: NUCLEAR DYNAMICS

We describe the system dynamics in terms of Nps pseu-
dospins, one for each possible flip-flop transition between a
pair of nuclear spins.26 In this representation, the overall
state of the nuclear bath is specified by that of the Nps pseu-
dospins,

�I�
��t�� = � p=1

Nn ��p
��t;��� ↔ ���

��t�� = �k=1
Nps��k

��t�� ,

where �= ⇑ ,⇓. Here, the initial conditions corresponding to
the spin configuration � are given by ��p

��0;���= �Ip
z ���� and
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��k
��0��
�↑k�. Therefore, the pseudospin k�p ,q� is oriented

downward �upward� if �no� flip-flop transitions between the
nuclear spins p and q take place. Each pseudospin k evolves
independently of one another �pair-correlation approxima-

tion� according to the following equation: ��k
��t��=e−iHk

�t�↑k�,
where Hk

�=hk
� ·�k /2. Here, the pseudomagnetic field hk

� can
be expressed as follows in terms of the effective nuclear-spin
Hamiltonian H�: hk,x

⇑/⇓= �Ip
z , Iq

z �H��Ip
z −1, Iq

z +1� /2 and hk,z
⇑/⇓

= �Ip
z , Iq

z �H��Ip
z , Iq

z�− �Ip
z −1, Iq

z +1�H��Ip
z −1, Iq

z +1�. This results
in

hk,x
⇑/⇓ = �

�=p,q
��I� + ��I�

z��I� − ��I�
z + 1��1/2�Ap,q

�i� 
 Ap,q
�e� �/2

and

hk,z
� = 	

�=i,e
��

������p
��� − �q

���� + Bp,q
����1 + Iq

z − Ip
z �

+ 	
m�p,q

�Bp,l
��� − Bq,l

����Il
z − 	

l=p,q
Bl,l

����1 − 2Il
z�� ,

where �p/q= 
1, ��
�i�=1, and �⇑/⇓

�e� = 
1.
For each initial configuration of the nuclear bath, the de-

coherence factor is therefore given by

r�t� = �
k=1

Nps

��k
⇓�t���k

⇑�t�� 
 �
k=1

Nps

rk�t� .

Here, the contribution of each pseudospin is given by rk�t�
= ��k

⇓�t� ��k
⇑�t��. This corresponds to

rk�t� = �↑k�exp�i� · n̂⇓�⇓t/2�exp�− i� · n̂⇑�⇑t/2��↑k�

with

�� = ��hk,x
� �2 + �hk,z

� �2�1/2, nx/z
� =

hk,x/z
�

�� , ny
� = 0.

We also compute the evolution of the decoherence factor
under the effect of the Hahn-echo sequence. In this case, the
� pulse instanteneously swaps the electron-spin states �⇑�
and �⇓� at t=�. The state of the pseudospin k corresponding
to an initial state ⇑ of the electron spin is thus given by

��k
⇑⇓�t � ��� = exp�− iHk

⇓�t − ���exp�− iHk
⇑���↑k� .

The contribution of each pseudospin to the decoherence fac-
tor is correspondingly given by rk�t���= ��k

⇓⇑�t� ��k
⇑⇓�t��.

This corresponds to

rk�t � �� = ��k
⇓����exp�i� · n̂⇑�⇑�t − ��/2�

�exp�− i� · n̂⇓�⇓�t − ��/2���k
⇑���� .
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